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This paper aims to identify the true source of limitations of pseudo-elastic models for describing the stress-softening
phenomenon in elastomers which were recently proposed in the literature [Ogden, R.W., Roxburgh, D.G., 1999. A pseu-
do-elastic model for the Mullins eﬀect in ﬁlled rubber. Proceedings of the Royal Society of London A 455 (1988), 2861–
2877; Elı´as-Zu´n˜iga, A., Beatty, M.F., 2002. A new phenomenological model for stress-softening in elastomers. Zeitschrift
fu¨r angewandte Mathematik und Physik (ZAMP) 53 (5), 794–814]. These models as well as their modiﬁed versions [Mars,
W.V., 2004. Evaluation of pseudo-elastic model for the Mullins eﬀect. Tire Science and Technology, TSTCA 32 (3), 120–
145; Elı´as-Zu´n˜iga, A., 2005. A phenomenological energy-based model to characterize stress-softening eﬀect in elastomers.
Polymer 46 (10), 3496–3506] fail to give fully satisfactory coincidence of experimental data and theoretical predictions. In
this paper a suitable analysis of experimental data published in the open literature is presented. This analysis shows several
interesting features regarding the nature of the stress-softening phenomenon (widely known as the Mullins eﬀect). In
particular, it is shown that the magnitude of stress softening varies with strain in a non-monotonous manner and this
non-monotonous character of the stress-softening phenomenon strongly depends on magnitude of the pre-strain. This
experimental fact is in contradiction with the basic assumption used in pseudo-elastic models that the stress softening is
described by a monotonously increasing function of strain. The common theoretical basis of pseudo-elastic models of
stress softening and the source of this conﬂict are clariﬁed.
 2006 Elsevier Ltd. All rights reserved.
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That the vulcanized rubber softens up as a result of repeated stressing or other mechanical treatment is one
of the earliest recognized peculiar characteristics of this material. It was observed in experiments at the
beginning of the last century and was reviewed in a text book as early as in 1911 (Schidrowitz, 1911). This0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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half century later by Mullins (1947), Mullins and Tobin (1956), Bueche (1960) and others. These authors made
quantitative measurements of the softening due to stretching and provided theoretical and physical explana-
tions for this phenomenon. The review articles by Harwood et al. (1967) and Mullins (1969) give the compre-
hensive account of these early studies.
Early studies of the Mullins eﬀect in ﬁlled and unﬁlled elastomers were mainly restricted to the uniaxial
cyclic tension tests. Only much later it became of interest to develop theoretical models of the Mullins eﬀect
for the general three-dimensional state of deformation. Such models were formulated by Simo (1987), Gov-
indjee and Simo (1991, 1992), and fairly recently by Ogden and Roxburgh (1999), Elı´as-Zu´n˜iga and Beatty
(2002), Chagnon et al. (2004), Qi and Boyce (2004), Klu¨ppel and Heinrich (2005), and others. All these models
provide a ﬁrm theoretical basis for mathematical description of the stress-softening phenomenon in elasto-
mers. However, the identiﬁcation of speciﬁc constitutive equations and of involved material parameters in ﬁt-
ting experimental data by various models still remains an important open problem.
A pseudo-elastic model of the Mullins eﬀect due to Ogden and Roxburgh (1999) is based on variational
considerations and it has been already implemented in commercial ﬁnite element codes used in rubber engi-
neering (Bergstro¨m, 2005). A similar model due to Elı´as-Zu´n˜iga and Beatty (2002) is based on diﬀerent con-
siderations, but both models share basic common features to the extent that they may be viewed as special
cases of the same pseudo-elastic model. In the recently published paper Elı´as-Zu´n˜iga (2005) recognized, as
did earlier Mars (2004), certain limitations of both models in ﬁtting experimental data and proposed certain
improvements.
The main objective of this paper is to clarify the common theoretical bases of pseudo-elastic models referred
to above and to identify the true source of limitations of these models including their modiﬁed versions pro-
posed by Mars (2004) and Elı´as-Zu´n˜iga (2005). Theoretical bases of these models are discussed in Sections 2
and 3. Speciﬁc softening functions appearing in these models are considered in Section 4. Predictive capabil-
ities of the pseudo-elastic models are reexamined in Section 5 using experimental data due to Mullins and
Tobin (1956) as in the original works by Ogden and Roxburgh (1999) and Elı´as-Zu´n˜iga and Beatty (2002).
The important implications of pseudo-elastic models of the Mullins eﬀect for the analysis of experimental data
are discussed in Section 6. In Section 7, the conventionally represented uniaxial experimental data are rean-
alyzed in a manner consistent with the theory. Both unloading and subsequent reloading curves are examined.
The corresponding analysis for the multi-axial tension test is presented in Section 8. The analysis reveals sev-
eral interesting features regarding the nature of the stress-softening phenomenon in elastomers with important
implications for the development of theoretical models in general, and for the pseudo-elastic models in par-
ticular. It is shown that the experimental data represented in this manner exhibit a non-monotonous variation
of stress softening with the extent of deformation. It is also shown that this property of stress softening strong-
ly depends on the magnitude of pre-strain. This experimental fact is in contradiction to the basic assumption
underlying pseudo-elastic models according to which the stress-softening behavior is described by a monoto-
nously increasing function of the extent of deformation. The monotonous character of the softening function
assumed in the pseudo-elastic models of the Mullins eﬀect is implied by thermodynamical considerations. This
discrepancy between the theory and experimental facts explains diﬃculties in ﬁtting the data by theoretical
models. The source of this discrepancy is discussed in Section 9.
2. Stress–deformation relation and evolution law
Under the assumption that the Mullins eﬀect may be modeled in separation from other inelastic eﬀects, var-
ious theoretical models of this phenomenon may be formulated within the stress–deformation relation of the
following general form:T ¼ ~TðF; aÞ þ TR: ð1Þ
In (1), T is the true (Cauchy) stress tensor, ~TðF; aÞ is the response function of constitutively determined stress,
F is the deformation gradient, and a denotes a scalar-valued softening variable which evolution with the defor-
mation must be speciﬁed by an additional constitutive law. Moreover, TR = p1 is the tensor of reactive
stresses if the material is assumed to be incompressible, where p denotes the pressure and 1 stands for the unit
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to both cases.
The stress–deformation relation (1) may be rewritten in terms of the engineering (ﬁrst Piola–Kirchhoﬀ)
stress tensor P using the standard relation T = J1PFT, J = detF > 0, between the two tensors. Moreover,
thermodynamical considerations (e.g., Kazakevicˇiut _e-Makovska and Kacˇianauskas, 2004) justify the assump-
tion that the stress-softening phenomenon in elastomers may be characterized by a pseudo-energy potential
U = U(F,a) such that the response function ~TðF; aÞ in the stress–deformation relation (1) is given by~TðF; aÞ ¼ J1ðoFUðF; aÞÞFT: ð2Þ
In general, the functional form of the response function ~TðF; aÞ as well as of the pseudo-energy potential
U = U(F,a) is restricted by the principle of material frame indiﬀerence and possible material symmetries.
The pseudo-energy potential U(F,a) satisfying the condition oaU(F,a) = 0 is the main concept of the energy-
based model of the Mullins eﬀect due to Ogden and Roxburgh (1999). It must be stressed, however, that the
theoretical modeling of the Mullins eﬀect may be based directly on the stress–deformation relation (1) without
assuming the existence of the pseudo-energy potential (e.g., Beatty and Krishnaswamy, 2000; Elı´as-Zu´n˜iga
and Beatty, 2002).
Within the stress–deformation relation (1), various special models of the Mullins eﬀect are obtained
through speciﬁcation of a particular form of the response function ~TðF; aÞ, equivalently, of the pseudo-energy
potential U(F,a), together with an appropriate law for evolution of the softening variable a during the load-
ing–unloading–reloading deformation cycles. In formulating the evolution law for the softening variable a it is
generally assumed that the response of elastomers to cycling loading depends only on the maximum previous
strain experienced during its deformation history. Accordingly, a suitable measure must be introduced to
quantify the maximum strain experienced by a material during the deformation process for a general three-
dimensional state of strain. Once such a measure is deﬁned, the evolution law for the softening variable a
may be assumed in the forma ¼ a^ðm; mmÞ; 0 6 m 6 mm: ð3Þ
Here m is a measure of deformation extent at current time instant t and mm denotes the maximum value of m
experienced by a material during the deformation process up to time t. The function a^ðm; mmÞ may be called the
softening function because it determines the measure of softening in the material during the whole deforma-
tion process. Its general form is subjected to certain additional assumptions. In this respect, two broad classes
of the constitutive law for the softening variable may be distinguished.
The ﬁrst class of models is based on the assumption that the softening variable a evolves along the primary
loading path (the virgin stress–strain curve) according to a speciﬁed rule while it takes a constant value upon
unloading and subsequent reloading as long as the actual strain does not exceed its maximum value achieved
in the previous deformation. Since mm = m along the primary loading path, the evolution law for this case readsa ¼ ~aðmÞ during primary loading ðvirgin stress–strain curveÞ;
am otherwise;

ð4Þwhere ~aðmÞ ¼ a^ðm; mÞ and am ¼ ~aðmmÞ. Models of the Mullins eﬀect developed by Simo (1987), Beatty and Krish-
naswamy (2000), and Chagnon et al. (2004) are based on this assumption and these models have their roots in
classical theories of damage mechanics.
The second class of models is based on the assumption that the softening variable a takes zero value during
the primary loading path, while it evolves according to a speciﬁed rule upon unloading and subsequent reload-
ing as long as the deformation is smaller than the previous one. Moreover, since an unloading takes place from
the primary loading path, the softening function a^ðm; mmÞ satisﬁes the condition a^ðmm; mmÞ ¼ 0 and the evolution
law readsa ¼ 0 during primary loading ðvirgin stress–strain curveÞ;
a^ðm; mmÞ otherwise:

ð5ÞModels of this type, which are the subject of this paper, were formulated by Ogden and Roxburgh (1999) and
independently by Elı´as-Zu´n˜iga and Beatty (2002).
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In order to complete the formulation of a particular model of the Mullins eﬀect, there remains to specify the
response function ~TðF; aÞ, equivalently, the pseudo-energy potential U(F,a). Unfortunately, there are no
experimentally conﬁrmed direct relations connecting ~TðF; aÞ or U(F,a) with the softening variable a. There-
fore, it proves useful to introduce simpliﬁed material models which entail a speciﬁcation of the precise nature
in which ~TðF; aÞ or U(F,a) depend on a, but one that leaves the dependence on F arbitrary. This is a very nat-
ural way to look at the problem once it is only noted that every constitutive model of the Mullins eﬀect must
include the purely elastic behavior of a material as a special case, which corresponds to the assumption that
a = 0 during the deformation process. Hence, the stress–deformation relation (1) reduces to the classical form
of the non-linear elasticityT0 ¼ ~T0ðFÞ þ TR; ð6Þ
where the response function ~T0ðFÞ ¼ ~TðF; 0Þ ¼ J1ðoFW ðFÞÞFT is derived from the strain-energy density de-
ﬁned by W =W(F) = U(F, 0).
A particular form of the response function ~TðF; aÞ may now be obtained through the use of the concepts of
the eﬀective stress as originally proposed by Lemaitre and Chaboche (1987) in the context of small strain dam-
age theory applied to brittle materials. This leads to the representation of ~TðF; aÞ in the form:~TðF; aÞ ¼ ð1 aÞ~T0ðFÞ; ð7Þ
where ~T0ðFÞ is the response function for the elastic stress deﬁned above. Substituting (7) into (1) the stress–
deformation relation for a stress-softening material is obtained in terms of the softening variable a and the
elastic response function ~T0ðFÞ. This form of the stress–deformation relation may be derived through energetic
considerations developed by Ogden and Roxburgh (1999), who assumed the following form of the pseudo-en-
ergy potential:U ¼ UðF; aÞ ¼ ð1 aÞW ðFÞ þ vðaÞ; ð8Þ
where v(a) is called the damage function. Then~TðF; aÞ ¼ J1ðoFUðF; aÞÞFT ¼ ð1 aÞJ1ðoFW ðFÞÞFT ¼ ð1 aÞ~T0ðFÞ; ð9Þ
yielding the relation (7). The Elı´as-Zu´n˜iga and Beatty (2002) model of the Mullins eﬀect is also based on the
stress–deformation relation of the particular form (7). However, their model is not derivable from the pseudo-
energy potential U of the general form (8). Moreover, in contrast to Ogden and Roxburgh (1999), these
authors do not require that oaU(F,a) = 0.
The constitutive assumption (7) together with the evolution law in either (4) or (5) form completes the for-
mulation of two broad classes of models of the Mullins eﬀect, which may be referred to as damage type models
and pseudo-elastic models, respectively. The analysis presented in the rest of this paper concerns exclusively
the pseudo-elastic models. However, for the comparison purpose it is worthwhile to sketch the main ideas
underlying alternative formulations of the Mullins eﬀect.
Qi and Boyce (2004) have formulated a model of the Mullins eﬀect which is based on a concept of two-phase
material together with the related concept of a strain ampliﬁer due toMullins and Tobin (1956). A theory of this
kind was earlier developed by Johnson and Beatty (1993) for the uniaxial extension and by Johnson and Beatty
(1995) for the equibiaxial extension. The underlying idea may formally be sketched as follows. Assuming a
strain-energy densityW =W(F) for a perfectly elastic material in any form proposed in the ﬁnite strain elastic-
ity, the pseudo-energy potential U(F,a) for a stress-softening material is obtained by replacing the deformation
gradient F by an ‘‘ampliﬁed’’ deformation gradient F^ðaÞ which is a function of the softening variable a, i.e.UðF; aÞ ¼ W ðF^ðaÞÞ: ð10Þ
Then the response function ~TðF; aÞ in the stress–deformation relation (1) is obtained according to the general
rule (2).
Another class of models of the Mullins eﬀect may be formulated noting that the strain-energy density for an
elastic material depends on the deformation gradient and some number of material parameters,
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but as given functions of the softening variable a and thus to deﬁne the pseudo-energy potential U(F,a) in
terms of the strain-energy density according to the general rule:UðF; aÞ ¼ W ðF; c1ðaÞ; . . . ; cnðaÞÞ: ð11Þ
Then the response function ~TðF; aÞ is again obtained according to the general rule (2). The pseudo-energy po-
tential constructed according to (11) for any choice of the strain-energy density supplemented by an appropri-
ate evolution law provides a complete constitutive model of the Mullins eﬀect. The basic idea outlined above
has been worked out in all details by Marckmann et al. (2002) and more recently by Horgan et al. (2004). The
model of the Mullins eﬀect due to Horgan et al. (2004) diﬀers from that proposed by Marckmann et al. (2002)
in one but essential respect. The former authors assume for a the evolution law of the form (5) and thus the
material parameters vary with the deformation. The latter authors assume that the softening variable a and
thus the material parameters take constant values on each deformation cycle.
4. Pseudo-elastic models of the Mullins eﬀect
The essence of the pseudo-elastic models of the Mullins eﬀect is that the virgin stress–strain curves are
described by an elastic strain-energy density W =W(F) and the corresponding stress–strain relation (6) while
the unloading/reloading curves are modeled by the stress–strain relation (1) with the response function ~TðF; aÞ
assumed in the form (7) and the softening variable a evolving according to an assumed law of the general form
(5). In the analysis of the Mullins eﬀect, the elastic strain-energy density W =W(F) may be assumed in any
form extensively discussed in non-linear elasticity (see, e.g., Cheng and Chen, 2003; Mars and Fatemi,
2004; Ogden et al., 2004). The formulation of the softening function a^ðm; mmÞ is thus the most important aspect
of the theory.
In the original theory due to Ogden and Roxburgh (1999), the elastic strain-energyW serves as the measure
of deformation extent. Moreover, these authors proposed the following form of the evolution law for the soft-
ening variable a:g^ðm; mmÞ ¼ 1 a^ðm; mmÞ ¼ 1 1
r
erf
mm  m
m
 
; ð12Þwith m(F) = W(F). Here m > 0 and r > 0 are positive parameters (material constants), erf is the error function,
and mm =Wm is the maximum value of the strain-energy W achieved in the deformation process.
Mars (2004), noted some deﬁciency of the law (12) and proposed its generalization by introducing one addi-
tional material parameter b in the denominator of the error functiong^ðm; mmÞ ¼ 1 a^ðm; mmÞ ¼ 1 1
r
erf
mm  m
mþ bmm
 
; ð13Þwith the assumption that b < 0.5. This modiﬁcation was introduced to avoid an overly stiﬀ response at large
deformations and to provide more ﬂexibility in calibrating the model using experimental data. The modiﬁed
model (13) reduces to the Ogden and Roxburgh model (12) when b = 0.
To describe the unloading and reloading curves, Elı´as-Zu´n˜iga and Beatty (2002) proposed the exponential
constitutive law for the softening variable a deﬁned bya^ðm; mmÞ ¼ 1 expðbðmm  mÞÞ; ð14Þ
where b is a positive material constant, called the softening parameter, and the strain intensity deﬁned by
m ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃB  Bp  ﬃﬃﬃ3p serves as a measure of deformation extent. Here B = FTF is the left Cauchy-Green deforma-
tion tensor and Æ is the standard inner product of tensors. These authors noted, however, that though moti-
vated by experimental data, the law (14) is introduced mainly for its analytical simplicity in illustration of
general results. In the recent work, Elı´as-Zu´n˜iga (2005) proposed to retain the functional form of the law
(14) but to replace the strain intensity m by the strain-energy W as the measure of deformation extent yielding
the softening function in the form:g^ðW ;W mÞ ¼ 1 a^ðW ;W mÞ ¼ expðbðW m  W ÞÞ ð15Þ
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Special softening functions (12)–(15) were apparently motivated purely for convenience in formulations,
and they need to be checked against experimental evidence. In particular, it is important to show to what
extent these special models are able to reproduce the results of cyclic stress–strain tests for any number of
loading–unloading–reloading cycles from several distinct modes of deformation.5. Analysis of Mullins and Tobin uniaxial tension data
It became nearly the standard practice that newly proposed constitutive models of the Mullins eﬀect are
ﬁrst tested against the classical Mullins and Tobin (1956) data in the stress-controlled simple tension test.
In their experiments on the vulcanized rubber, Mullins and Tobin carried out six loading cycles corresponding
to the pre-strain em = 0.5, 1.0, 2.0, 3.0, 4.0 and 5.0, although no complete data were given for all cycles (Fig. 1).
The virgin stress–strain curve shown in Fig. 1 was obtained by taking the envelope of the stress–strain curves
for the ﬁve deformation cycles. In the pseudo-elastic models of the Mullins eﬀect, this curve is modeled as per-
fectly elastic.
It seems that none of the theoretical models proposed in the literature was tested for all deformation cycles.
Typically, only two or three cycles were modeled. In their analysis, Ogden and Roxburgh (1999) assumed the
elastic energy density in the well-known form:Fig. 1.
BeattyW ¼
X3
i¼1
liðkai1 þ kai2 þ kai2  3Þ=ai ð16Þwith k1k2k3 = 1 due to the assumption of incompressibility. They determined values of the elastic constants
l1 = 8.00 kg/cm
2, l2 = 0.76 kg/cm
2, and l3 = 4.50 kg/cm2 and a1 = 1.25, a2 = 4.0, and a3 = 2.0, which
ﬁt the Mullins and Tobin data on the virgin stress–strain curve. To model reloading stress–strain curves, Og-
den and Roxburgh assumed the softening function in the form (12). Considering only three deformation cycles
corresponding to the pre-strain em = 1.0, 2.0, and 3.0, they determined the following values of the softening
parameters: r = 2.104, m = 22.45 kg/cm2.
Elı´as-Zu´n˜iga and Beatty (2002) assumed the strain-energy density W in the formMullins and Tobin simple tension data and theoretical predictions according to Ogden and Roxburgh, and Elı´as-Zu´n˜iga and
models.
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which is known as the eight-chain Arruda–Boyce model. Here K ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃI=3n8p is the relative chain stretch with
the strain-invariant I deﬁned by I = trB and f = L1(K), where L1 is the inverse Langevin function
L(f) = cothf  f1. The constant c8 in (17) is chosen so that the strain-energy vanishes in the reference state
of the material. The numerical value c8 = 13.247 MPa of this constant is calculated from (17) with I = 3. To
model reloading stress–strain curves, these authors used the softening function in the form (14). In the analysis
of the Mullins and Tobin data with restriction to three deformation cycles as in the Ogden and Roxburgh
analysis, Elı´as-Zu´n˜iga and Beatty obtained the following values of the material parameters:
l0 = 0.853 MPa, n8 = 9.12 and b = 0.215. This model is considerably simpler than that of Ogden and Rox-
burgh, since only three instead of eight material parameters are needed. It should be emphasized that the three
parameters in (17) and in (14) are physically meaningful material constants, while those in (16) and (12), eight
parameters in all, have generally no known physically meaningful basis, but are merely curve ﬁtting
parameters.
As is seen in Fig. 1, both models show a reasonably good agreement with the experimental data not only for
the primary loading path but also for the reloading paths for the chosen three deformation cycles. In Fig. 1
solutions for both models with the same values of material parameters for four deformation cycles are also
shown. It appears that neither of these two models gives satisfactory predication for the fourth deformation
cycle. Naturally, when more deformation cycles are included in the analysis, values of the softening parame-
ters can be better adjusted with the hope of obtaining better ﬁt of the data. However, no satisfactory predic-
tion can be obtained in this way. The softening functions in the form (13) proposed by Mars (2004) or (15)
proposed by Elı´as-Zu´n˜iga (2005) also fail to give fully satisfactory coincidence of experimental and theoretical
results. Reasons for these deﬁciencies of the analyzed models are described below.6. Experimentally determined character of the softening function
The most important implication of the assumptions (5) and (7) underlying pseudo-elastic models of the
Mullins eﬀect is that the ratio of physical stress components (components of T) in the stress-softened material,
denoted by rsij, to the corresponding stress components r
v
ij in the virgin material is determined by the softening
variable g = 1  a. The same relation holds for components pij of the engineering (ﬁrst Piola–Kirchhoﬀ) stress
tensor P = JT(F1)T so that this rule can be written aspsij
pvij
¼ g ¼ 1 a; i; j ¼ 1; 2; 3: ð18ÞAnother important feature of the pseudo-elastic models of the Mullins eﬀect is that the unloading/reloading
stress–strain curves can be modeled independently of the virgin stress–strain curve, the latter being modeled as
perfectly elastic one. Thus, the choice of the strain-energy densityW(F) and of the softening function a^ðm; mmÞ is
essentially independent of each other and may be determined separately by ﬁtting the corresponding experi-
mental data. It is also important to note that the stress components pvij and p
s
ij are measurable quantities in any
cyclic loading test. It is then natural that conventionally represented experimental data should be plotted as ps/
pv, where p is a representative stress component in the particular test, vs the ratio e/em of the corresponding
strain, or the ratio m/mm. Such a plot gives the direct information on the manner the softening variable a or
g = 1  a vary with strain for every deformation cycle with a predeﬁned maximum strain mm. Hence it gives
the form of the softening function a^ðm; mmÞ for 0 6 m 6 mm.
The Mullins and Tobin (1956) data for all six deformation cycles plotted as ps/pv vs the normalized uniaxial
strain are shown in Fig. 2. For a low value of pre-strain em the magnitude of the softening measured by g = ps/
pv varies with the normalized strain e/em and hence with the strain itself in the nearly monotonously increasing
manner. However, for higher values of the pre-strain this is no longer true. The magnitude of softening g
shows strongly non-monotonous behavior with the characteristic S-shaped form. Variations in shapes of
the curves for diﬀerent deformation cycles show that diﬀerent values of the softening parameters are needed
to ﬁt experimental data for a particular choice of the softening function. Otherwise more softening parameters
may be needed in deﬁnition of this function. In Fig. 2 the softening functions (12) and (14) which were used in
Fig. 2. Experimental data and theoretical solutions of Fig. 1 represented in accordance with the relation (18).
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data curves are striking and this explains diﬃculties in ﬁtting experimental data by theoretical models.7. Modeling of the unloading and reloading response
The Mullins and Tobin (1956) data show the main features of the Mullins eﬀect in a simpliﬁed represen-
tation, since some permanent set (residual strain) and hysteresis are always observed but these eﬀects were
removed from graphs in Fig. 1. Results of the strain-controlled experiment reproduced in Fig. 3 were obtained
in the uniaxial tension test by Cheng and Chen (2003). In contrast to the ‘‘correction’’ procedure for the per-
manent set applied by Mulllins and Tobin, the results are presented here as obtained, so that the permanent set
is readily apparent from the zero-force intercepts on the strain axes. Moreover, these data also reveal diﬀer-
ence in stress–strain curves in unloading and subsequent reloading to the same predeﬁned strain for three
deformation cycles.
Comparison of the Cheng and Chen (2003) data with theoretical prediction of Ogden and Roxburgh model
is shown in Fig. 4. It can be seen that the conventional plots of the data and theoretical results show a satis-
factory prediction of the model. However, when the same results are replotted according to the general rela-
tion (18), this agreement is far less satisfactory (Fig. 5). The general character of the data curves plotted in this
way shows some similarity with the Mullins and Tobin (1956) data. Moreover, the non-monotonous charac-
teristic of the data curves is seen for unloading as well as for reloading curves (Fig. 5). It may be note here that
the Cheng and Chen (2003) data were obtained in the strain-controlled experiment while the Mullins and
Tobin (1956) data were obtained in the stress-controlled experiment. However, the Mullins eﬀect observed
in both the strain- and stress-controlled experiment has the same basic characteristics (see also Johnson
and Beatty, 1993).8. Analysis of the multi-axial tension data
It is apparent that the successful modeling of the Mullins eﬀect in elastomers requires a selection of appro-
priate form of the strain-energy density W, an accurate determination of elastic constants present in W, and a
choice of the softening function a^ðm; mmÞ together with determination of involved material parameters. This can
Fig. 4. Cheng and Chen simple tension data and theoretical predictions according to Ogden and Roxburgh model (elastic constants:
l1 = 744.9711 MPa, l2 =  239.0485 MPa, l3 =  0.3031 MPa, a1 =  0.0673, a2 =  0.2128, a3 =  7.2684, softening parameters:
r = 2.0620, m = 0.9773 MPa).
Fig. 3. Cheng and Chen simple tension data for three deformation cycles at four values of the pre-strain.
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ti-axial deformation states can be ﬁt with the same values of the material parameters.
Fig. 6 shows the data obtained in strain-controlled experiment by Mars and Fatemi (2004) for three
deformation modes. The equilibrium stress–strain curves were obtained by a preconditioning procedure
involving a few deformation cycles. There is seen a signiﬁcant softening of the material relative to the
Fig. 5. Experimental data of Fig. 3 and theoretical solutions of Fig. 4 represented in accordance with the relation (18).
Fig. 6. Monotonic and cyclic equilibrium stress–strain curves in simple tension, planar tension (pure shear) and equibiaxial tension tests
for diﬀerent pre-strains.
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the general observation that mechanical preconditioning is one of the inﬂuential factors in predicting the
behavior of elastomers. The general character of softening as measured by the relation (18) is shown in
Fig. 7 for diﬀerent deformation modes and diﬀerent pre-strains. Like in the simple tension case, the stress soft-
ening in the planar tension (pure shear) and equibiaxial tension cases appears to be strongly non-monotonous.
The general conclusions which may be drawn here coincide with observations made in the case of uniaxial
Fig. 7. Experimental data of Fig. 6 represented in accordance with the relation (18).
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tion states.
9. Discussion
The pseudo-elastic models of the Mullins eﬀect discussed in this paper are essentially based on two
assumptions:
(1) the response function ~TðF; aÞ in the general stress–deformation relation (1) has the special form (7),
(2) the softening variable a takes the zero value during the primary loading path, while it evolves according
to the general rule a ¼ a^ðm; mmÞ upon unloading and subsequent reloading as long as the deformation is
smaller than the previous one.
The most important implication of these assumptions is that the plot of conventionally represented exper-
imental data according to the relation (18) gives the direct information on the manner the softening variables a
or g = 1  a vary with the strain for every deformation cycle, i.e., it provides the general characteristics of the
softening function a^ðm; mmÞ. For a low value of pre-strain em, the softening in elastomers as measured by g = ps/
pv varies with the normalized strain e/em and hence with the strain itself in the nearly monotonously increasing
manner. However, for higher values of the pre-strain em the softening g shows strongly non-monotonous
behavior with the characteristic S-shaped form. This is observed in the uniaxial tension test as well as in other
deformations states such as equibiaxial and planar tension (pure shear) tests. This characteristic feature of the
stress-softening phenomenon was also obtained from analysis of other experimental data which are not rep-
resented in this paper.
The same properties of the stress-softening phenomenon are preserved if the magnitude of softening g is
plotted as a function of m or m/mm for any deﬁnition of the strain intensity m. This follows from the fact that
the strain intensity m may be chosen in various forms, for example, as the strain-energy density W, but it
has to be a monotonously increasing function of the engineering strains.
Contrary to observations based on the analysis of experimental data presented in this paper, the softening
functions g^ðm; mmÞ ¼ 1 a^ðm; mmÞ in pseudo-elastic models of the Mullins eﬀect are always assumed to be
monotonously increasing function of m for all values of the pre-strain mm. This is the main reason for the
4156 R. Kazakevicˇiut _e-Makovska / International Journal of Solids and Structures 44 (2007) 4145–4157observed qualitative diﬀerences in shapes of softening curves due to theoretical models and data curves (see
Fig. 2 and Fig. 5). This explains also the diﬃculties in ﬁtting experimental data by theoretical models. It
should be noted further that the modiﬁed versions (13) and (15) of the original softening functions (12)
and (14) cannot essentially improve predictions of pseudo-elastic models of the Mullins eﬀect because the soft-
ening functions (13) and (15) are also monotonously increasing functions of the deformation extent m. On the
other hand, the assumption that g^ðm; mmÞ should be a monotonously increasing function of m follows from the
thermodynamical considerations. However, this conﬂict is only apparent and its source can easily be identiﬁed
from the thermodynamical formulation of the Mullins eﬀect presented by Kazakevicˇiut _e-Makovska and
Kacˇianauskas (2004). The problem lies in the stress–strain relation (7) which gives the stress T in the softened
material as the product of the elastic stress T0 and the softening variable g = 1  a. Such an assumption is
generally accepted in continuum damage theories of quasi-brittle materials. However, its application to mod-
eling the stress-softening behavior of elastomers is not supported by the analysis of experimental data present-
ed in this paper. It then follows that essential improvement of predictive capabilities of the pseudo-elastic
models may only be achieved if this assumption is rejected. Such a thermodynamically consistent model of
the Mullins eﬀect in elastomers is presented in the forthcoming paper by Kazakevicˇiut _e-Makovska (2006).
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